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Conjecture:  In the game of life as played on a torus of dimension 3 by n, there exist enclosed stable forms of all lengths m such that m ( n​ – 2, m ( 3, m ( 4, and m ( 6.

I.  The Game of Life
The Game of Life, invented by John H. Conway, is a simulation of cellular growth and decay that takes place on a Cartesian grid over an infinite plane.  Each cell is either filled or empty; the configuration of filled cells makes up the life "form".  The initial form is arbitrary, then, it is repeatedly subjected to a set of rules that simulate survivals, births, and deaths.  These rules occur simultaneously with each other, and each time they are carried out, one "tick" occurs, and the resulting form begins a new "generation".  The rules are:


1.  Survival: each filled cell with 2 or 3 neighboring filled cells (orthogonally and diagonally) survives (remains filled) for the next generation.


2.  Death: each filled cell with less than 2 or more than 3 neighboring filled cells dies; that is, becomes an empty cell.


3.  Birth: each empty cell with exactly 3 neighboring filled cells is a birth; that is, becomes filled. 

This process is continued, tick by tick, until one of three things occurs: there are no filled cells; all of the filled cells make a form that remains unchanged from tick to tick, called a "stable form"; or the filled cells make a form that oscillates continuously between two or more forms.  These three possibilities are shown in figure 1.
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II.  The torus

A torus (figure 2) is created in the following way: take a finite rectangular plane.  Wrap one edge around and connect it with its parallel edge, creating a hollow cylinder.  Now, wrap the cylinder around and connect its two edges, creating a torus, a solid with one face and no edges.  Topographically, since there is only one face, any point on the torus can be connected to any other point with a single, continuous line along the face.  A common object in the shape of a torus is a donut.
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Life on the torus follows the same rules as Life on the plane.  The only difference is that the torus is made up of a finite face that wraps around to reconnect with itself, and the plane continues infinitely in all directions.  
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The 3 by n torus discussed in this paper will be represented as a 3 by n grid.  For example, a 3 by 5 torus will be shown as follows:
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It will be important to remember that the top and bottom, and right and left edges are common.  Therefore, in the next figure, the cell marked by the x is neighbored by all the cells marked with an o. 

III.  Life on a torus

Some terms specific to this paper:

An "enclosed form" is a form that is surrounded by at least two empty columns on either side.  Single empty columns are included in an enclosed form, but two or more empty columns represent the divide between two separate enclosed forms.  So, in the conjecture, m ( n​ – 2 so that there are at least 2 empty columns on either side of stable forms.  

A "continuous form" is a form that is not enclosed; that is, every empty column does not border any other empty column.  

[image: image6.wmf]0

0

->

can't be part of a stable form by definition

0

1

->

3

0

2

->

2

0

3

->

0 or 1

1

0

->

1 or 3

1

1

->

2

1

2

->

1

1

3

->

0

2

0

->

2 or 3

2

1

->

1

2

2

->

0

2

3

->

not allowed, will cause death

3

0

->

1 or 2 or 3

3

1

->

0

3

2

->

not allowed, will cause death

3

3

->

not allowed, will cause death


The "length" of a form is defined by the number of columns it is located in.  
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Since this paper deals only with enclosed forms, the word "form" from here on out will refer to "enclosed form".

IV.  The conjecture and proof
Conjecture:  

In the game of life as played on a torus of dimension 3 by n, there exist enclosed stable forms of all lengths m such that n​ – 2 ( m, m ( 3, m ( 4, and m ( 6.

Proof:

In a 3 by n torus, each cell neighbors each of the other cells in its column (by the definition of the torus, the top and bottom rows share the edge and therefore neighbor each other).  Similarly, each cell also neighbors each of the cells in the columns directly to the right and to the left of it.  

The number of filled and empty cells that a cell neighbors is found, then, by counting the number of filled and empty cells in its own column and the two columns surrounding it.  All cells of the same status (empty or filled) that are in the same column will behave the same way, since they will have the same number of filled and empty neighbors.

This prompts the definition of a new term: the "degree" (d) of a column is the sum of the number of filled cells in that column and the number of filled cells in the two surrounding columns.  Likewise, the degree of a cell is the same as the degree of the column it is in.

With this definition, the previous rules of behavior are isomorphic to these:


1.  A filled cell will survive if d – 1 = 2 or 3.


2.  A filled cell will die if d – 1 < 2 or d – 1 > 3.


3.  An empty cell will give birth if d = 3.

1 is subtracted from d in the first two rules so that a cell is not counted as a neighbor of itself.

For a form to be stable:


1.  There must be no births; therefore, each column with at least 1 empty cell (0, 1, or 2 filled cells) cannot have a degree of 3.  


2.
There can be no deaths; therefore, a column with at least 1 filled cell cannot have a degree of less than 3 or more than 4.  

Combining these rules, for a form to be stable, each empty column cannot have a degree of 3; each column with 1 or 2 filled cells must have a degree of 4; and each column with 3 filled cells must have a degree of 3 or 4.  
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[image: image9.wmf]With this information, there are rules that stable forms must follow, shown in figure 4.  In this table, for every possible layout of filled cells in 2 consecutive columns, the possibilities for the next column are shown.

For example, in a stable form, any instance in which there is an empty column followed by a column with 1 filled cell, the next column must have 3 filled cells (0 1 -> 3), the following column will be empty (3 -> 0), and the following column could have 1, 2, or 3 filled cells (3 0 -> 1 or 2 or 3).

To see what beginnings of stable forms must look like, attach two empty columns before each of the 2 column possibilities discussed earlier.  Ignore the 2 column possibilities that begin with 0, since the first column of a form must contain at least 1 filled cell.  Out of these 4 column possibilities, shown in figure 5, most lead to birth or death or both, regardless of any columns that could possibly follow.  By eliminating all of these instances, there are 2 possible beginnings, 1 3 and 2 2.  Taking the mirror image of these, there are 2 possible endings, 3 1 and 2 2.  
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Now there is have enough information to show the existence of stable forms.  Any series of digits between 0 and 3 represents a stable form if the first two are either 2 2 or 1 3, the last two are either 2 2 or 3 1, and every set of 2 consecutive columns follows the rules in figure 4. 

2 2 0 2 2 is a stable form of length 5.  By attaching 0 2 2 to the end of it, it becomes a stable form of length 8.  This can be repeated indefinitely to show that there are stable forms for all lengths p, where p ( 5 and p ( 2 mod 3.

2 2 0 3 0 2 2 is a stable form of length 7.  By attaching 0 2 2 to the end of it, it becomes a stable form of length 10.  This can be repeated indefinitely to show that there are stable forms for all lengths r, where r ( 7 and r ( 1 mod 3.

2 2 0 3 0 3 0 2 2 is a stable form of length 9.  By attaching 0 2 2 to the end of it, it becomes a stable form of length 12.  This can be repeated indefinitely to show that there are stable forms for all lengths s, where s ( 9 and s ( 0 mod 3.

This shows that there are stable forms of length 5 and of all lengths greater than or equal to 7.  To look for stable forms of length 2, 3, 4, and 6, we take each of the two beginnings, and, following the rules in figure 4, find all possibilities for stable forms of length 2, 3, 4, and 6 (figure 6).  Of these forms, 2 2 is the only form that ends with one of the possible endings, and is therefore the only stable form of length 2, 3, 4, or 6.

There are no stable forms of length 1 as follows: a single column with 1 or 2 filled cells will cause death, and a single column with 3 cells will cause birth.  Q.E.D.
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Figure 1


The first form becomes stable after 3 ticks.  The second form dies on the 5th tick.  The third form immediately becomes an oscillating form.  
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Figure 2


A torus





Figure 3


The first example is an enclosed form of length 3.  The second example is two enclosed forms, of lengths 6 and 2.  The third example is one continuous form.  





Figure 4





Figure 5
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Figure 6
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