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Abstract

The nucleolus is a well known allocation method for cooperative games.  This paper proposes a variation of the nucleolus, called the range nucleolus.  While the nucleolus lexicographically minimizes the excess vector, the range nucleolus lexicographically minimizes the range vector, which is a vector of all of the differences between two excesses, arranged from highest to lowest.  An interesting property of the range nucleolus is that it must have at least two maximal excesses and two minimal excesses.
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1.  Definitions

A cooperative game is an ordered pair (N, v), where N = {1, 2, … , n} is a set of n players and v is a real-valued function on the subsets of N, called coalitions, such that 
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.  We denote s as the number of elements in a coalition S, and it is assumed that 
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.  The excess of a coalition or individual player is defined as follows:


[image: image14.wmf]å

Î

-

=

S

i

i

S

x

S

v

x

v

e

)

(

)

,

(


Individual rationality is equivalent to all individual excesses being non-positive, and group rationality is equivalent to all group excesses being non-positive.  The excess vector is the vector of all excesses, except those of the empty set and the full set, arranged from highest to lowest.  The range vector is the vector of all differences between higher excesses and lower excesses, excluding the excesses of the empty set and the full set, arranged from highest to lowest.  An allocation method is an algorithm used to find an allocation given any cooperative game.  The nucleolus is a known allocation method; this paper proposes the range nucleolus as a variation of the nucleolus.
2. An example
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is a 3-player game with a value function defined by 
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.  Note: sets such as {1,2} will be shortened to “12” in this paper.  A possible allocation for this game is 
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  The excesses are as follows:
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Thus the excess vector is 
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.  Since all excesses are non-positive, this allocation is both individually and group rational.  The range vector is found by subtracting every element in the excess vector from each element that appears to the left of it, then arranging these differences in a vector from highest to lowest.  The differences are:
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So the range vector is
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.  
3. The nucleolus

The nucleolus is defined as the individually rational allocation which lexicographically minimizes the excess vector.  An excess vector is considered smaller than another if its largest (or first) element is smaller than the other’s; if they are the same, the comparison goes to the next element, and so on.  Finding the nucleolus is equivalent to solving the following linear program:
	min
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	s.t.
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If this results in more than one allocation, fill in any information gained from the first program, then solve the new linear program, and keep repeating this until there is a unique allocation, which is the nucleolus.  For a n-player game, a maximum of n programs must be solved.  The nucleolus is always group rational.  The nucleolus for the game in the example is 
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  The excess vector for this allocation is 
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.  Since the top two excesses are -20 in both this allocation and the one given in the example, we compare the third highest excess to find that -32.5 is less than -30, so this excess vector is lower than the one in the example.  Since it is indeed lower than the excess vectors for all other allocations, it is the nucleolus for this game.
4. The range nucleolus
The range nucleolus is defined as the individually rational allocation which lexicographically minimizes the range vector, the vector of all differences between excesses, arranged from highest to lowest.  To find the range nucleolus, solve the following linear program:
	min
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	s.t.
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This program minimizes the first element of the range vector; if there is more than one solution to this program, more calculations are necessary.  The program gives a unique solution to the game in the example, so it is the range nucleolus: 
[image: image47.wmf]).
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  The excess vector for this allocation is 
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.  The range vector for this allocation is 
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.  Since 20 is less than 30, the range vector for this allocation is less than the range vector for the allocation in the example.  Indeed, this is lower than all other possible range vectors, so this allocation is the range nucleolus
5. The range nucleolus must have at least two maximal and two minimal excesses

Theorem:  In the range nucleolus, there are at least two excesses that are the same and higher than all others (maximal excesses) and at least two that are the same and lower than all others (minimal excesses).

Proof by contradiction:  There obviously must be at least one maximal and one minimal excess.  

Claim 1:  There must be at least two excesses at either the maximum or the minimum.  

Proof of claim 1 by contradiction:  Suppose there is exactly one of each.  The set of players involved with the maximal excess is called A, and the set of players involved with the minimal excess is called B.  A and B must each contain at least one element.  
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Case 1a: 
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 a player i in A \ B, 
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 a player j in B \ A.  Subtract a sufficiently small 
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 (note: for the remainder of this proof, statements like the preceding one will read “Move 
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 from j to i”).  This increases the excess of B and decreases the excess of A, which decreases the range, so case 1a cannot be the range nucleolus.


Case 1b: 
[image: image57.wmf]$

 a player i in A \ B, 
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 a player j in A
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B.  Move 
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 from j to i.  This increases the excess of B and leaves the excess of A the same, which decreases the range, so case 1b cannot be the range nucleolus.

Case 1c: 
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 a player i in A
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B, 
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 a player j in B \ A.  Move 
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 from j to i.  This decreases the excess of A and leaves the excess of B the same, which decreases the range, so case 1c cannot be the range nucleolus.

Case 1d: 
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 a player i in A
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B, A \ B and B \ A are empty sets.  This implies that A = B, which means that there is more than one excess at both the maximum and minimum, which is a contradiction of the supposition, so case 1d cannot be the range nucleolus.

Cases 1a-1d together contradict the supposition, proving claim 1.

Claim 2: There must be at least two maximal excesses.  

Proof of claim 2 by contradiction: Suppose there is exactly one maximal excess, and exactly two minimum excesses.  The set of players involved with the maximal excess is called A and the set of players involved with the minimal excesses are called B and C.  A, B and C must each contain at least one element.

Claim 2.1: Every player in B is also in A.

Proof of claim 2.1 by contradiction:  Suppose 
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 a player j in B \ A (recall that
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 a player i in A).
Case 2.1a: i is in A \ C.  Move 
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 from j to i.  This decreases the excess of of A, increases the excess of B, and leaves the excess of C the same, which decreases the range, so case 3a cannot be the range nucleolus.  So, there must be a player in A
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C.

Case 2.1b: j is in (B
[image: image71.wmf]Ç

C) \ A, i is in A
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C.  Move 
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 from j to i.  If i is in B, this decreases the excess of A, and leaves the excesses of B and C the same, which decreases the range.  If i is not in B, this decreases the excess of A, increases the excess of B, and leaves the excess of C the same, which decreases the range.  So case 3b cannot be the range nucleolus.

Case 2.1c: j is in B \ (A
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C), i is in A
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C.  Move 
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 from j to i.  If i is in B, this decreases the excesses of A and C, and leaves the excess of B the same, which decreases the second highest difference (between A and B).  If i is not in B, this decreases the excesses of A and C by the same argument, and increases the excess of B, which decreases the second highest difference (between A and B).  So case 3c cannot be the range nucleolus.

Cases 2.1a-2.1c together contradict the supposition, proving claim 2.1.

Claim 2.2: Every player in C is also in A.

Proof of claim 2.2: parallel to the proof of claim 2.1.

So A is a superset of B
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C.

Claim 2.3: Every player in A is also in B
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C.  

Proof of claim 2.3 by contradiction:  Suppose 
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 a player i in A \ (B
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C) (recall that 
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 a player j in B
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C.

Case 2.3a: j is in B \ C (or C \ B).  Move 
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 from j to i.  This leaves the excesses of A and C (or B) the same, and increases the excess of B (or C), which decreases the second highest difference (between A and B [or C]), so case 5a cannot be the range nucleolus.  

Case 2.3b: j is in B
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C, and B \ C and C \ B are empty.  This implies that B = C, which is a contradiction.

Cases 2.3a-2.3b together contradict the supposition, proving claim 5.

Claim 2.4: All players are in A = B
[image: image85.wmf]È

C.

Proof of claim 2.4 by contradiction:  Suppose
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 a player j in N \ A.

Case 2.4a: 
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 a player i in B \ C (or C \ B).  Move 
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 from j to i.  This decreases the excesses of A and B (or C), and leaves the excess of C (or B) the same, which decreases the second highest difference (between A and C [or B]), so case 6a cannot be the range nucleolus.

Case 2.4b: j is in B
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C, and B \ C and C \ B are empty.  This implies that B = C, which is a contradiction.

Cases 2.4a-2.4b together contradict the supposition, proving claim 2.4.

Claim 2.4 means that if there is exactly one maximal excess and exactly two minimal excesses, then all players are involved in the maximum excess, which is a contradiction because the range nucleolus does not include the excess of the grand coalition.  If there is exactly one maximal excess and three or more minimal excesses, the same argument as above can be made with slight modifications to arrive at the same conclusion.  Therefore, claim 2 is proven, there must be at least two maximal excesses.

Claim 3: there must be at least two minimal excesses.  

Proof of claim 3: parallel to the proof of claim 2.

Therefore, in the range nucleolus, there must be at least two maximal and two minimal excesses.
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