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1.  INTRODUCTION.  The real numbers represented as decimal numbers are typically seen as being fixed to the left, with an infinite tail to the right.  In contrast, leftist numbers are fixed to the right, with their infinite tails running left.  

Definition.  A leftist number is a number whose digits terminate to the right, and may continue infinitely to the left.  Additionally, the negative sign is not used to denote additive inverses.
Notation.  This creates a markedly different representation of numbers, and therefore the notation is slightly different.  When there is a repeating series of digits, the standard notation from repeating decimal representation of fractions will be used, so 
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signifies a repeating 9 to the left, terminating with a 7 just to the left of the decimal point.  Likewise, 
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 represents a repeating series of …0909 repeating to the left and terminating with a 1.  Unless written elsewhere in the number, the decimal point is understood to be immediately to the right of the rightmost number.  Although the leftist number itself may not be real, all digits of a leftist number must be real. 
Addition and Multiplication.  The concepts of addition and multiplication perhaps work more intuitively in leftist space as compared to the real space.  Addition and multiplication between two real numbers always begin at the right of the number. For leftist numbers, they are based strictly upon the digits of the leftist numbers, which are real, and all leftist numbers have a rightmost digit.  To add two leftist numbers, simply add each column together as though adding two reals, carrying the extra digits from each calculation to the next column to the left, repeating ad infinitum.  Multiplication is executed similarly, exactly as though multiplying every digit as though they are two real numbers, continuing infinitely to the left.
Examples.
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2. CONSTRUCTING THE REALS.  Perhaps the easiest way to understand how leftist numbers work is to try to construct leftist representations of the real numbers, building up from the Naturals.
i.  The Naturals.  Clearly natural numbers are fixed to the right, and there is an implicit repeating 0 to the left.  Therefore, the naturals exist in leftist space in the same representation as real space.  In most cases, the series of 0s to the left will be implicit, and not directly written, unless the supplementary notation helps the understanding of a concept.
ii.  The Numbers 0 and 1.  Again, 0 exists in leftist space, with an understood interpretation of repeating zeros to the left (
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), as does 1 since it’s a natural number.
Theorem. There exists an additive identity.

Proof.  When adding two leftist numbers, each column is summed as though each digit is a real number.  Therefore, if the second of each of these digits is always zero, the first digit will be unchanged in the final answer.  Therefore, 
[image: image6.wmf]0

0

 is still the additive identity.  

Furthermore, this must be the case as 0 is only the additive identity for the natural numbers, and so otherwise the leftist system would be inconsistent.

Likewise, we can prove that there exists a multiplicative identity.

Theorem.  There exists a multiplicative identity.

Proof.   1 is the multiplicative identity, because 1 multiplied with any of the digits will always return the original digit.  Therefore, the leftist number will be returned in exactly the same form. 

iii. The Integers.  Now, by the definition of leftist, a negative sign cannot be arbitrarily tacked onto a natural number to create the integers, but obviously every natural must have an additive inverse such that when summed, they result in 0.  Therefore, we can find the integers by looking at the additive inverses.  Since a negative sign is inconsequential, we will denote the additive inverse of 
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 by 
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.  Informally, the negative integers can be viewed as
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, where k and n are natural numbers, and n is the natural number whose inverse we are seeking, but since 
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, we cannot use this as a formal proof.
Theorem.  All leftist numbers 
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 have an additive identity 
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Proof.  When summing two leftist numbers, each column is summed as though each digit is a real number.  Therefore, to reach a sum of 
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, all columns must sum to 0 or a natural multiple of the base (b), with the multiplicity carried over into the next column.  Since the digits of a leftist number are real, for all possible digits of 
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 (denoted by 
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 (the n-th digit of 
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 EMBED Equation.3  [image: image22.wmf]b
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Naturals.  This is seen clearly if k is the least multiple of the base such that 
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 since k is the least multiple, and yet 
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. This can be repeated for all columns, ad infinitum.  Therefore, an additive inverse of every leftist number exists.  

Since we have already stated that the naturals are leftist, then all additive inverses of the naturals exist.  Therefore, the integers exist since the naturals, their additive inverses and 0 are all leftist.  For simplicity, we will always assume in the examples that we are in base 10.
Example.  Now that the integers exist, we ought to see what they look like in leftist space.  First, the real number (-1).  We are looking for a leftist number x such that
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All columns sum to 10, each leaving behind a 0, and carrying a 1 to the next column, and so on, creating our leftist (-1).  
iv.  The Rationals.  Constructing the rational numbers is slightly more challenging.  To begin, it will be helpful to look at the multiplicative inverses of leftist numbers.  If we are able to find the multiplicative inverses of all naturals, then we are well on our way to proving that all rationals exist since we will have all possible denominators represented.
Now, in order to prove that the rationals are all represented, we must first prove that multiplication is commutative and associative.
Theorem.  Multiplication is commutative in leftist space.

Proof.  Now, when we are multiplying two numbers x and y, we multiply them together digit by digit in the standard form, and add the products together, along with the overflow from the previous column.  So, we must define certain values such as 
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 which is the overflow from addition of the products in the (n-1)-th column, and 
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 which is the overflow from the multiplication of the m-th digit in y and the (n-1)-th digit in x.  So, we end up with a series of digits in our new leftist number z such that
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… continuing ad infinitum (
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In this case, we ignore the decimal point, and 
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 are simply the rightmost terms in the leftist number.  The decimal point will simply drop down between whichever columns it was originally in.  Since all of these operations are with real numbers, the x and y terms can commute (and will give the same values, so all the a and m terms will be the same, too), and then it can be expanded back out into the standard multiplication with yx.  Therefore, xy=yx.  

Theorem.  Multiplication is associative in the leftist space.
Proof.  Unfortunately, David, this one is beyond my grasp.  I’ve tried it many, many times,  and leftists are always associative.  I’m convinced there must be a proof like this; I just can’t seem to figure out how to write this one.  By entering obscenely large numbers into Maple that approximate leftist numbers, you can observe this behavior (granted, it will only be seen in the rightmost digits since it cannot compute true leftist numbers).  I hope that this is not a problem;  I feel as though I already prove many new and exciting topics.
Theorem.  For all leftist numbers x, there exists 
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Proof.  If the leftist number x terminates in a digit that is only composed of factors that are factors of base b, then the real inverse exists as a terminating decimal.  And, since it is terminating, it is also leftist.  

If, however, the last digit of x, 
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, has no factors common with b, then the ones digits of the multiples of 
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will not repeat until b number of multiples.  This means that there must be b unique ones digits in the multiples.  And therefore, all the digits of the base are represented by 0 up to b multiples of 
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.  And therefore, there exists a digit 
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.  Likewise, there will always exist a digit 
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 naturals such that it will multiply with 
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 such that the addition with carried digits and digits from previous multiplications of the digits of y will sum to zero.

The remaining 
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’s have some factors that are common with the base, and some factors that are not common with the base.  By multiplying our representations of all of those factors together, we can create a representation of all of the inverses of the naturals.  This is justifiable as we know that for two natural numbers x and y, through associative and commutative, by multiplying both sides of the equation with inverses of x and y,
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Now, we have all the multiplicative inverses of the natural numbers represented as leftist numbers, or more aptly, we have all the denominators represented.  By multiplying each representation of the inverses with every natural number, we can then obtain every rational number.  Again, this is justified by associative and commutative, in that if we have a multiplicative inverses of a natural number 
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And so, it is an accurate representation of 
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.  Since we already proved all leftist numbers have an additive inverse, we can say that all negative rationals exist, as well.  


Example.  Now that we know that the rationals exist, let’s find one: 
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First, let’s find 
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Now, multiply by 
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Now multiply by 5.
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And to verify that we have 
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v.  The Irrationals.  To completely be isomorphic with the reals, the leftist numbers must include representations of irrational real numbers.  However, it does not, as shown below.

Theorem.  All irrational real numbers can not be represented as leftist.

Proof.  Consider the real number 
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.  To find the leftist representation of 
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, we must find a leftist number that, when squared, is equal to the number 2.  However, in base 10, no digit squared will ever be equal to the number two, and so there must be a decimal in the leftist number.  However, no terminating decimals squared will ever be a natural number, and as such, no leftist number can represent 
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, and we earlier proved that 
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 is irrational.  

And so, all rationals can be represented as leftist numbers, but 
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 ruins our hopes for an isomorphic relationship from the real numbers to leftist space. 
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