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Introduction

A cooperative game is a pair (N,v) where N={1,2,...,n} and v is a real-valued function on the
nonempty subsets of N. The elements of N are generally called players, and the subsets of N are
called coalitions. We call v the worth function, and so v(S) is interpreted as the worth of the
caoalition S. In other words, v(S) is the amount that the players in S can jointly produce through
cooperation.

The zero-normalization of a game (N,v) is the game (N,u) where
u(S) =v(8) - Y. g v({i}) - Itfollows that a game is zero-normalized if v({i})=0; thatis, the worth
of each singleton coalition is equal to zero. A game (N,v) is monotonicif v(S) < v(T) for all STcN.
Moreover, a game is said to be zero-monotonicif its zero-normalization is mon.otonic. Monotonicity .
is a favorable property as it assures that the addition of a piayer will not lessen the worth of a
coalition. We shall assume zero-normalization and zero-monotoniéity throughout this report.

One goal of cooperative game theory is to find a fair method of distributing joint savir%gs of
costs among the players involved in a venture. An allocation method, or value, is a function that
assigns to each game (N,v) an allocation x = (X,%,...,%,) where x; is the fair share, or payoff, ,of‘
the total benefit v(N) that player i receives for its cooperation in the group. One commonly used

allocation method is the Shapley value, which is given by the formuia:



(s-D!(n-s)!
n!

aNv= 3
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[v(S) -v(S-{i})]

where s=|S| and n=|N|. The Shapley value, which assigns to each player the average of its
marginal contribution over all possible orderings of players, is a linear transformation from the
space of games in R®2'-! to the space of allocations in X"
Partially defined games

For every cooperative game there are 2°-1 possible coalitions. As this number increases
exponentially with n, it can become impractical or expensive to determine the worths of all
coalitions when the number of players is large. We are therefore interested in determining a
method for computing payoffs when only limited information is known.

Cooperative games in which some of the coalitional worths are unknown are referred to as

partially defined games. In more formal terms, a partially defined game is defined as a triple (N,Z,v)

where N=({1,2,...,n}, Z is a collection of nonempty subsets of N, and v is a real-valued function on
Z. We also define a J-game (N,J,v) such that JcN and 1,ne J to be a partially defined game where
Z={ScN :ISl eJ}. That is, Z is the set of coalitions whose worths are known, while J is the set of
cardinalities of the coalitions in Z.
An allocation method for partially defined games

One method of finding a value for partially defined games is to take a geometric approach.
We define an extension of the partially defined game (N,Z,v) to be a game (N,v') where v'(S) = v(S)
for all coalitions Se Z. In other words, the coalitions whose worths are known will receive that worth
in the extension. For the other coalitions, their worths can be bounded according to the class of
games being considered. This paper considers the zero-monotonic class of games. Therefore,

we define the set of zero-monotonic extensions of the J-game v by the following equation:



ext(v)={v': v(S)=Vv(S)iflSled,
v'(S) <v'(T) for all ScTifISkJ }
The set of extensions for |S|eJ form a convex set C. From this set we can then select some
central point and apply the Shapley value to find the allocation.
Coordinate center extension
We first look at a central point called the coordinate center. We define x to be a coordinate
center of the convex set Cif x; is the midpointof { x + Ae; : L.eR} N C for alli. If € isthe
coordinate center of ext(w) where @ is a zero-monotonic partially defined game, then € = {&: &(S)
= o(S) if |S| € J, &S) = (1/2)[max{ &(R) : RcS} + min{ &(T) : ScT}] if |S|ed). By further
restricting our study to games where J={1,n-1,n}, the coordinate center extension for the general

n-case can be characterized by the following theorem:

Theorem 1: Suppose o is a zero-normalized, zero-monotonic partially-defined game such that
J={1, n - 1, n}. Denote the worths of coalitions S in J such that |S| #1 as o(N - {i}) = a,, with a, <
a, <..£a,< 3,=(N). Leti(S)=min{i: ieS}.

If & is the coordinate center extension of the J-game o, then:
¢(S)=w(S) if|S|ed,
% s-1
eS)=——ais) {123} ¢S, Sle,

i(S)-1

r n-s-1 s—i(S)+2
&(S) = k2=3 oKD i TiE) TS {123} S, Bk,

Proof: see Appendix A.



Now that we have a generalized formula for the coordinate center extension, we can apply the
Shapley value to determine the payoffs to each player. Instead of having to calculate eachcoalition
separately, however, the Shapley value of the coordinate center extension can be simplified as in

the following theorem.

Theorem 2 : Let © =(6,,0,,...0,) be the Shapley value allocation for the coordinate center
extension of zero-normalized, zero-monotonic partially-defined games where J={1,n -1,n}. That

is, ©=¢(€) where €is as given in Theorem 1. Then for n>4:

T kn+k+1 n+1 1
©r- —(ao an) + zk(k+1)(ak+l )+ (@ —ay)+=a

vk +k+1 < n-k-1 1
0 = (a0 ~an) + an(k+l)(ak+1 ak)+k2n(n kD) (e - 80 +5o (2 -an) + 22y

if i1, the first sum is taken to be zero for i=n, and the second sum is taken to be zero for i=2.
Proof: see Appendix B.
An alternate central extension

We now look at a simpler central point that takes the average of the extremal points in each
coordinate direction of a set C. We define such a point x, called the coordinate extrema center,
as x;= Y2[min{w; : we G + max{w;: we C}]. As with the coordinate center extension, the coordinate
extrema center extension can be characterized for the general n-case for games where

J={1,n -1,n}.

Theorem 3: Suppose w is a zero-normalized, zero-monotonic partially-defined game such that
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J={1, n - 1, n}. Denote the worths of coalitions S in J such that |S| #1 as &(N - {i}) = &, with a, <
a,<..<a,< a=w(N). Leti(S)=min{i:ieS}.
If X is the coordinate extrema center extension of the J-game o, then:
X(S) = w(S) if |S|eJ,

X(S) = % ai(s) if IS'EJ.

Proof:
Case 1: |S|ed

Follows from definition of extension.
Case 2: |S|eJ

Let ® be a zero-monotonic extension of w.

First, we have min{®(S) : ®e ext(w)} =0. Indeed, if ®e ext(w), then &(S) 2 ({i}) =0. Further,
for the extension & defined by ®(R)=0 if |R|eJ, @ is clearly zero-monotonic and ®(S) =0.

Second, max{®(S) : ®e ext(w)} =ay. lfOeext(w), I jeS such that ®(S)<B(N - {j})<®(N).
From Case 1, ®(N - {j}) =a(N - {j}) =a;, and from the ordering hypothesis, min{a; : j¢ S} = ays) Thus,
®(S)<as. Further, for the extension @ defined by ®(R)=a;xif |R | J, @ is zero-monotonic and &(S)
=8y

Now by definition, X(S) = ¥2[min{®(S) : G ext(w)} + max{®(S) : de ext(®)}] = ¥2[0 + ays] =

Y2 ayg).

Again, rather than calculating X(S) for each coalition separately, the Shapley value

allocation for the coordinate extrema center extension can be simplified into a generalized formula.



Theorem4: Let y=(y,,\,...,y,) be the Shapley value allocation for the coordinate extrema center
extension of zero-normalized, zero-monotonic partially-defined games where J={1,n -1,n}. That

is, y=¢(X) where X is as given in Theorem 3. Then for n>4:

1 & 2n(n-1) - (n—k-1)(n-k) n+l 1
\vl-ﬁ(ao—an)+g T (a1 —aK) + (e -ap) +-ay |
A )+"§2n(n—1)—(n—k—l)(n—k)(a 1a )+‘"Z‘ nekel . ., 1bsl8] o1ee
¥ o 18g~8n < 2nk(n—1) k+1 — 8k Z2n(n-1) i b R L R B

if i#1, the first sum is taken to be zero for i=n, and the second sum is taken to be zero for i=2.
Proof: see Appendix C.
Geometric centers

We now focus on the notion of “center”; in particular, consider the coordinate center and
coordinate extrema center, as described above, and the centroid. For a simple quadrilateral, as
infigure 1, each of these centers coalesce into a single point. This is analagous to zero-monotonic
games in which n=4, since there is only one cardinality that is not inthe set J. In general, however,

these central points need not be identical. Figure 2 illustrates a situation in which each center is

distinct.
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The question arises of which is the "best" definition of center to use in the calculation of the
central extension of a partially defined game. While intuitively the centroid appears to be a
reasonable choice of center, in practice it becomes complicated to compute for games where
n>4. For this reason, we turn to the two centers discussed in this paper. It shoufd be noted that the
coordinate center, while easier to calculate, might not always be unique, as demonstrated in figure
3. However, this does not seem to be the case with the zero-monotonic class of games. On the
other hand, the coordinate extrema center of a set C is not always an element of that set. For
example, consider the unit tetrahedron in three-dimensional space. In this case, the coordinate
extrema center is (1/2,1/2,1/2), a point which is not an element of the tetrahedron. Nevertheless,
it can be shown that the coordinate extrema central extension of the set of zero-monotonic

extensions is in fact in the set.

€; the set of coordinate centers



Conclusion

This paper has examined a geometric approach to determining a value for the zero-
monotonic class of partially defined games. In particular, we looked at two concepts of geometric
center: the coordinate center and the coordinate extrema center. For both cases | have found
generalized formulas for the central extension as well as the Shapley value allocation. These
results should lead to a more efficient way of allocating savings in situations where a large number
of players is involved. However, many more questions still remain open. Future research on this
topic could include a comparison of the two types of center presented in this paper, as well as a

similar exploration using other centers or classes of games.
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