Embedded Coalitions related to the Bell Triangle and Stirling numbers of the second kind
Juan Mendez

Faculty Advisor: Dr. David Housman

Maple Scholars Research program

Goshen College

Abstract
This paper discusses the research that was undertaken to try and find a closed form formula for the amount of embedded coalitions in a partition function form game. Partition function form games are discussed as to how they are separate from other types of cooperative games in game theory, and embedded coalitions are discussed and the method used to evaluate the progression on coalitions based upon growth in players for a particular game. No particular closed form formula was found, but the finding of a link between the amount of embedded coalitions and the Bell triangle will be discussed. 
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1. Concepts and Notations

Game theory is the study of how people interact and make decisions. This broad definition applies to most of the social sciences, but game theory applies mathematical models to this interaction under the assumption that each person's behavior impacts the well-being of all other participants in the game. These models are often quite simplified abstractions of real-world interactions.  A cooperative game is a distinct scenario where players can join and form teams, which are called coalitions, and based upon how the team is set up will determine the savings or profit that each team will have to split in the end. Most games have an economic component either relating to monetary gains or particular items that the group have the potential to distribute. 
Example of coalitions and savings for a 3 player game, the savings in this particular example refers to money that can be shared depending on the coalition.
	Coalition
	123
	12
	13
	23

	Savings
	100
	60
	50
	30


Partition function form games are a specific type of game where the effects of the other players in the way they team up directly affect the others in more than one way. For instance in a non partition function form game, once a coalition is established, the effects of the other players on the worth of the coalition is not changed, but in a partition function form game the worth of the already established coalition can be affected by what the other players do. Example of embedded coalitions in a partition function form game:

	Coalition
	Savings

	 123
	100

	12;3
	60

	13;2
	50

	23;1
	30

	1;2,3
	40

	2;1,3
	20

	3;2,3
	10

	1;23
	0

	2;13
	0

	3;12
	0


The amount of coalitions in a non-partition function form game can be denoted by 2n – 1, where n is the number of players, but in the interest of embedded coalitions the other players have options available to them which will cause more coalitions to exist. There is no known closed form formula for the amount of embedded coalitions, but there is a relationship with the sum of the rows of the Bell triangle and a relationship with stirling numbers of the second kind, which is denoted by Stirling2. Stirling2 (n,m) gives the number of ways of partitioning a set of n elements into m non-empty subsets.
Example of how the Stirling2 would work for 3 elements: The set {1,2,3} can be broken into 3 subsets 1 way {{1},{2},{3}} and broken into 2 subsets 3 ways {{1,2},{3}}, {{1,3},{2}}, {{1},{2,3}} and into 1 subset 1 way {{1,2,3}}

Here is an example of a Stirling2 triangle
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Bell Triangle is defined by the following equations.

B1,1 = 1 

Bn,1 = Bn-1, n-1     

n=2,3,4…
Bn, j+1 = Bn,j + Bn-1,j   

j=1,2,…,n-1

A representation of the Bell Triangle

1

1    2

2    3    5

5    7    10  15

15  20  27  37  52
Stirling2 summation is given as
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This particular summation applies to the sum of the rows of the Bell Triangle and to the amount of embedded coalitions for n players in a partition function form game.  

2. A Comparison
	Players
	Coalitions
	Embedded Coalitions

	2
	3
	3

	3
	7
	10

	4
	15
	37

	5
	31
	151

	6
	63
	674

	7
	127
	3263

	8
	255
	17007

	9
	511
	94828


1  





= 1
1      2





= 3
2      3      5




= 10
5      7      10     15



= 37
15    20    27     37    52


= 151
52    67    87    114  151  203


= 674
203  255  322  409  523  674  877

= 3263
Following the summation for the Stirling2 triangle would go like:

1*1






= 1

1*1  +  1*2





= 3

1*1  +  3*2  +  1*3




= 10

1*1  +  7*2  +  6*3  +  1*4



= 37

1*1  + 15*2 + 25*3 + 10*4  + 1*5


= 151

1*1  + 31*2 + 90*3 + 65*4  + 15*5  + 1*6

= 674
3. Conclusion
The similarities between the Bell Triangle, embedded coalitions and the stirling numbers of the second kind has been documented. The definition of the sum of the rows of the Bell Triangle was tied with the stirling numbers and that was connected with embedded coalitions in partition function form games. Upon searching online using the On-Line Encyclopedia of Integer Sequences from the AT&T research site and seeing the connection of the sequences and the explanation of the formulas it became apparent that there was no closed form formula for the sequence. The progression of the Stirling2 numbers occurs in a way that cannot be characterized by a standard closed form formula since the change in one element results in multiple changes that do not progress in a way that can be dictated by a function. 
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