
Section 10.2
Derivatives and Integrals of Vector Functions
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Derivatives
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Geometry
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Tangent Vector
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Theorem
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Differentiation Rules
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Tangent Vector
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Vector pointing in 
direction tangent to 

the curve at the 
point t0
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Unit Tangent

The Unit Tangent has constant length 1.
The only quantity that changes over time is 

T t( ) = ʹ′r t( )
ʹ′r t( )
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Theorem
If a vector function has constant 
length, then its derivative is 
perpendicular to the vector
Example: r(t)=<cos(t),sin(t)>
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Proof
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Section 10.3
Arc Length and Curvature
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Arc Length
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Arc Length
r t( ) = f t( ),g t( ),h t( ) ,a ≤ t ≤ b
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Example
Find the length of the arc of 
the circular helix with vector 
equation

r(t)=<cos(t),sin(t),t>

from the point 
(1, 0, 0) to (1, 0, 2π).
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Arc Length Function
r t( ) = f t( ),g t( ),h t( ) ,a ≤ t ≤ b

ds
dt
= ʹ′r t( )
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Parametrizations
A single curve can be represented by more 
than one vector function.
Example: The twisted cubic
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Re-parametrization
It is often useful to parametrize a curve 
with respect to arc length because arc 
length comes from the curve itself and 
does not depend on any one coordinate 
system.
Example: r(t)=<cos(t),sin(t),t>
Reparametrize with respect to arc length, 
beginning at (1,0,0) in direction of 
increasing t
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Re-parametrize
Vector function: r(t)=<cos(t),sin(t),t>
The vector <1,0,0> corresponds to t=0
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Tangent Vectors and Arc Length 
Parametrization
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Tangent Vectors and Arc Length 
Parametrization

Tuesday, May 7, 13



Curvature
The curvature of a curve, 
C, at a given point is a 
measure of how quickly 
the curve changes 
direction at that point.

Look at how the unit 
tangent changes 
direction.

T(t) changes direction…
slowly when C is 
fairly straight, but
quickly when C bends 
or twists more 
sharply:

T t( ) = ʹ′r t( )
ʹ′r t( )
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Unit Tangent and Curvature
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Curvature
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Remarks

Note
small circles have large curvature and
large circles have small curvature,

 in accordance with our intuition.
The curvature of a straight line is always 0 
because the tangent vector is constant.

Tuesday, May 7, 13



Theorem
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Example r t( ) = t,t 2 ,t 3
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Unit Tangent, Unit Normal 
and Binormal

r t( )

T t( ) = ʹ′r t( )
ʹ′r t( )

N t( ) = ʹ′T t( )
ʹ′T t( )

B t( ) = T t( ) × N T( )
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r t( ) = cos t( ) i + sin t( ) j + t k

Example
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Example
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Example
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Formulas
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Osculating Circle
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Section 10.4
Motion in Space
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Velocity 
Vector
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Speed
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Formulas
r t( )
v t( ) = ʹ′r t( )
a t( ) = ʹ′v t( ) = ʹ′ʹ′r t( )

r t( ) = r t0( ) + v u( )du
t0

t

∫
v t( ) = v t0( ) + a u( )du

t0

t

∫
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Projectile Motion
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Components of 
Acceleration

When we study the motion of a particle, it 
is often useful to resolve the acceleration 
into two components,

one in the direction of the tangent and
the other in the direction of the normal.

Tuesday, May 7, 13



Components of 
Acceleration
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Components of 
Acceleration
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Components of Acceleration
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Proof
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Review
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Example

Position Vector
Velocity Vector
Acceleration Vector
Speed
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Tangential 
Component of 
Acceleration
Normal 
Component of 
Acceleration
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Section 10.5
Parametric Surfaces
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Parametric Surfaces
We suppose that r(u, v) =< x(u, v), y(u, v),z(u, v)> is a 
vector-valued function defined on a region D in the 
uv-plane.
As (u, v) varies throughout D, r(u, v) traces out a 
parametric surface S.
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Example: Cylinder
r(u, v) = <2cos(u), v, 2sin(u)>

Tuesday, May 7, 13



Example: Plane
r(u,v)=r0+ua+vb
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Example: Another Cylinder
x2 + y2 = 4     0 ≤ z ≤ 1

x=2cos(θ)
y=2sin(θ)
z=z

r(θ,z)=<2cos(θ), 2sin(θ), z>

Maple command
plot3d ( <2cos(θ), 2sin(θ), z>, θ=0..2π,z=0..1 ,axes=normal)
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Example: Elliptic Paraboloid

z = x2 + 2y2

x=x
y=y
z = x2 + 2y2

r(x,y)= < x, y, x2 + 2y2>

Maple command
plot3d ( < x, y, x2 + 2y2>, x=-4..4,y=-4..4,axes=normal)
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