be a vector denoted u x v. The direction of u x v is determined by the right-
hand rule: if we point the index finger of our right hand in the direction of u
and our middle finger in the direction of v, then our thumb points in the
direction of u x v.

a. We begin by defining the cross products using the vectors i, j, and k.

hand system. We then define i x jto be k — thatisi x j = k.

b. Now explain why i, k, and —j in that order form a right-hand system. We
then definei x kto be —j —thatisixk = —j.

Table 9.4.2. Table of cross products involving i, j, and k.
ixj=k ixk= —j jxk:-"/f

A A A
jxi=~K kxi=*2  kxj=—I

d. Up to this point, the products you have seen, such as the product of real
numbers and the dot product of vectors, have been commutative,
meaning that the product does not depend on the order of the terms. For
instance, 2 - 5 =5 -2. The table above suggests, however, that the cross
product is anti-commutative: for any vectorsuand vin R}, u xv= —v xu.
If we consider the case when u = v, this shows that v x v = — (v x v). What
does this tell us about v x v; in particular, what vector is unchanged by

scalar multiplication by —1? On/)/ the O vecdir (2««0

e. Itis not difficult to show that the cross pro%ct interacts with scalar
multiplication and vector addition as one would expect: that is

(cu) x v =c(uxv)

(u+v)xw=(umxw)+(vxw)

We can combine these properties to make cross product calculations a
bit easier. For example,

2i+])x k= Q2ixk)+(jxk)

20 < k) +(j * k)
~2j+i.

uxvifu=2i+3jandv= —i+k

f. Verify that the cross product u x v you just found in part (e) is orthogonal
to bothuandv.

g. Consider the vectors u and v in the xy-plane as shown below in
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Figure 9.4.3. Two vectors in the xy-plane

Explainwhy u = |u]iand v = |v|cos(Q)i+ |v|sin(d)j. Then compute the
length of |u x v|.

9.4.1 Computing the cross product

As we have seen in Preview Activity 9.4.1, the cross product u x v is defined for
two vectors u and v in R? and produces another vector in R3. Using the right-
hand rule, we saw that

ixj=k ixk= —j jxk=i
jxi= -k kxi=j kxj= —i

If, in addition, we assume the cross product behaves like we think a product
should (e.g., the cross product distributes over vector addition), we can compute
the cross product in terms of the components of general vectors to find a
formula for the cross product. Doing so we see that
= uli X (Vli + V2j + V3k) + uzj X (Vli + V2j + V3k)
Tuzk < (vii+v,j +viK)
= ulvli X i+ uIVZi X j + u1V3i x K+ U2V1j x i+ Z/l2v2j Xj
+ uZV3j x Kk + u3v1k X i+ U3V2k X j + I/l3V3k x k
= u VoK = uyv3j —uyviK+ uyvii +ugvyj — uzvsi

(Like the dot product, the cross product arises in physical applications, e.g.,



