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/12%)0+,0!0%!,%0(!05+0!05(!+00)+.0/%,!&(06((,!05(!+0%1'!/,!05(!1%7(.37('!/'!OJWP!'0)%,:()!
05+,! 05(! +00)+.0/%,! &(06((,! 05(! 1%7(.37('#W! $5/'! 1(+,'! 05+0! 05(! /,-/*/-3+7! 6+0()!
1%7(.37('!6+,0!0%!&(!,(N0!0%!(+.5!%05()#!X(.+3'(!%4!05(/)!+00)+.0/%,!0%!(+.5!%05()>!7/M3/-!
2+)0/.7('! &(5+*(! J(,A1+''>K! 6/05! &/77/%,'! 32%,! &/77/%,'! %4! /,-/*/-3+7! 2+)0/.7('! +.0/,:!
0%:(05()#!$53'>!3,7/D(!:+'('>!:)+*/09!5+'!+!7+):(!(44(.0!%,!7/M3/-'#!F,!+--/0/%,>!&(.+3'(!05(!
+00)+.0/%,! &(06((,! 7/M3/-! 2+)0/.7('! /'! ,%0! +77! 05+0! '0)%,:>! /,-/*/-3+7! 2+)0/.7('! .+,!1%*(!
&(06((,! %05()! 2+)0/.7('>! +77%6/,:! 05(! 7/M3/-! 0%! J47%6#K! $53'>! 65(,! +! 7/M3/-! /'! 27+.(-!
/,'/-(! +! .%,0+/,()! 05(! 2+)0/.7('! 4+77! 0%! 05(! &%00%1! +,-! .%,4%)1! 0%! 05(! '5+2(! %4! 05(!
.%,0+/,()#!

+CD?B<�U! '%7/-! /'! +! '3&'0+,.(! /,! 65/.5! 05()(! +)(! *()9! '0)%,:! +00)+.0/%,'! &(06((,! 05(!
/,-/*/-3+7!2+)0/.7('!V+0%1'!%)!1%7(.37('W#!V$5(!'0)(,:05!%4!05/'!+00)+.0/%,!/'!7(''!05+,!05(!
+00)+.0/%,!&(06((,!+0%1'!/,!+!1%7(.37(>!&30!/0!/'!+!13.5!'0)%,:()!%,(!05+,!05(!+00)+.0/%,!
&(06((,!7/M3/-!2+)0/.7('#W!F,!4+.0>!05/'!+00)+.0/%,!/'!'%!'0)%,:>!05+0!05(!/,-/*/-3+7!2+)0/.7('!
.+,,%0!1%*(!+)%3,-!7/D(!05(9!.+,!/,!+!7/M3/-#!F,!'%1(!'(,'(>!9%3!.+,!05/,D!%4!+!'%7/-!+'!
+,!(N0)(1(79!7+):(!1%7(.37(>!65%'(!.%,'0/03(,0'!1+9!&(!(/05()!+0%1'!%)!1%7(.37('#!S%6>!

1FGHIJ%&8>K!Q(2/.0/%,'!
%4!+0%1/.!1%-(7'!4%)!VHW!
+!:+'>!VZW!+!7/M3/->!+,-!
VWW!+!'%7/-#!



!
'()$*%$(+,(-)$!-(*%)".%&/0!.%10-+)$#0"! % &89C!

+705%3:5!05(!/,-/*/-3+7!2+)0/.7('!+)(!4/N(-!0%!05(/)!,(/:5&%)'>!05(9!.+,!'0/77!6/::7(!+)%3,-!
+! 7/007(#! F0! /'! +'! /4! 05(!2+)0/.7('! +)(! +00+.5(-! 0%! (+.5!%05()!&9! 7/007(! '2)/,:'>!65/.5! +77%6!
05(1! 0%! &%3,.(! +)%3,-! +! 7/007(!6/05%30!1%*/,:! +6+9! 4)%1!(+.5!%05()#8!X(.+3'(!%4! 05(!
'0)%,:!&%,-'!&(06((,!,(/:5&%)/,:!+0%1'>!+!'%7/-!)(0+/,'!/0'!'5+2(!)(:+)-7(''!%4!65+0!D/,-!
%4!.%,0+/,()!/0!/'!27+.(-!/,!V/0!-%(',L0!47%6!7/D(!+!7/M3/-W#!

0LHNJKMTY$IPL$1MdL$RV$H$0RSLWJSL$

F0! 1/:50! '((1! +'! /4! 1%7(.37('! +)(! 0%%! '1+77! 0%! &(! /,*('0/:+0(->! 7(0! +7%,(! 5+*(! +,9!
/12%)0+,.(! /,! %3)! -+9! 0%! -+9! 7/*('#! I(! 6/77! '%%,! '((! 05+0! 05/,D/,:! %4! '3&'0+,.('! +'!
.%12%'(-!%4!+0%1'!+,-!1%7(.37('!+77%6'!3'!0%!-(*(7%2!+!*()9!2%6()437!05(%)9!4%)!5(+0!
+,-!0(12()+03)(#!U,-!65/7(!/0!/'!0)3(!05+0!1%7(.37('!.+,,%0!&(!'((,!-/)(.079>!/0!/'!2%''/&7(!
0%!-('/:,!(N2()/1(,0'!05+0!-%!)(*(+7!/,4%)1+0/%,!+&%30!7%,(!1%7(.37('#!F,!4+.0>!3'/,:!%,79!
+!-)%2!%4!'%+2>!'%1(!6+0()>!+,-!'%1(!2(22()!9%3!.+,!-(0()1/,(!05(!+22)%N/1+0(!'/@(!%4!+!
'/,:7(!'%+2!1%7(.37(k!

)LMFRFMS%?7979!(PMFUVMFOG%MTJ%2FbJ%N_%V%+NXJLHXJP%

+W! $+D(!+!'1+77!.32!%4!6+0()!+,-!:(,079!'2)/,D7(!'%1(!2(22()!%,!05(!
'3)4+.(#!S(N0>!2377!+!5+/)!%30!%4!9%3)!5(+-!+,-!7/:5079!-/2!%,(!(,-!
/,!'%1(!7/M3/-!'%+2#!P%3!'5%37-!(,-!32!6/05!+!'1+77!&(+-!%4!'%+2!
%,! 05(!(,-!%4! 05(!5+/)#!P%3)!&(+-!%4!'%+2!'5%37-! 7%%D! 7/D(!+! 0/,9!
'25()(! 6/05! +! -/+1(0()! +&%30! 06/.(! 05(! 6/-05! %4! 9%3)! 5+/)! V'((!
R/:3)(!TABW#!S%6!2%D(! 05/'!(,-!%4! 05(!5+/)! /,0%! 05(!.(,0()!%4! 05(!
.32!%4!6+0()!+,-!-('.)/&(!65+0!9%3!%&'()*(#!

&W! I5+0!-%!9%3!05/,D!5+22(,(-!0%!05(!-)%2!%4!'%+2G!

!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
!!F,!4+.0>!05(!&%,-'!&(06((,!+0%1'!/,!+!1%7(.37(!+7'%!&(5+*(!7/D(!7/007(!'2)/,:'#!

%

1FGHIJ%&8EK!U!531+,!5+/)!
6/05!+!'1+77!-)%2!%4!7/M3/-!
'%+2!%,!/0!+'!'((,!3,-()!+!
1/.)%'.%2(#!



!
&8?3! % (:,/0-)$#0"2%#"%,'<2#&2!
!

.W! P%3!'5%37-!5+*(!'((,!05+0!+,!+22)%N/1+0(79!./).37+)!+)(+!5+'!&((,!
J.7(+)(-K!%4!2(22()#!E'0/1+0(!05(!)+-/3'!%4!05/'!./).7(!+,-!.+7.37+0(!
05(! +)(+! /,! 'M3+)(!1/77/1(0()'#! [(.+77! 05+0! 05(! +)(+! %4! +! ./).7(! /'!

8
W2 (�� >!65()(! W( !/'!05(!)+-/3'!%4!05(!./).7(#!F4!9%3!1(+'3)(!05(!

)+-/3'!/,!1/77/1(0()'>!9%3)!+)(+!6/77!&(!/,!'M3+)(!1/77/1(0()'#!

-W! O%!65+0!5+22(,(-!/,!05/'!(N2()/1(,0G!$5(!'1+77!&(+-!%4!'%+2!05+0!
6(! &(:+,! 6/05! '2)(+-! %30! /,0%! +! 05/,! 2+,.+D(! 65(,! /0! 5/0! 05(!
'3)4+.(!%4!05(!6+0()#!$5+0!/'!65+0!23'5(-!+77!05(!2(22()!%30!%4!05(!
6+9#! X+'/.+779>! 05(! '%+2! 0)/(-! 0%!1+D(! /0'(74! +'! 05/,! +'! 2%''/&7(#!
T7(+)79>!05(!2+,.+D(!%4!'%+2!.+,,%0!&(!05/,,()!05+,!%,(!1%7(.37+)!
7+9()! V+705%3:5! 05()(L'! ,%! :3+)+,0((! 05+0! /0! /',L0! 1%)(! 05+,! %,(!
1%7(.37(! 05/.DW#! $53'>! /,! %)-()! 0%! ('0/1+0(! 05(! '/@(! %4! +! '%+2!
1%7(.37(>!6(! ,((-! 0%! (M3+0(! 05(! *%731(! %4! '%+2! 05+0!6(! '0+)0(-!
6/05!V05(!'1+77!'25()(W!0%!05(!*%731(!%4!'%+2!05+0!6(!(,-(-!6/05!
V05(! 05/,! 2+,.+D(W#! $5/'! /'! '5%6,! '.5(1+0/.+779! &(7%6#!"NMJK! F0!
1/:50! 5(72! 0%! */'3+7/@(! 05/'! 3'/,:!1%-(7/,:! .7+9#![%77! '%1(! .7+9!
/,0%!+!&+77#!$5/'! /'! 7/D(! 05(!'%+2!-)%27(0!%,! 05(!5+/)#!$5(,!'M3+'5!
05(!&+77!6/05!9%3)!5+,-!3,0/7! /0! /'! +! 05/,!2+,.+D(#!S%0/.(! 05+0! 05(!
'5+2(! %4! 05(! .7+9! 5+'! .5+,:(-! -)+1+0/.+779>! &30! 05(! +1%3,0!
V*%731(W!%4!.7+9!5+'!)(1+/,(-!05(!'+1(#!

h
rs

Small sphere of 
soap with volume

V =    πr
4
3

3
s

Rc

Thin Pancake of 
soap with volume

V = πR  h = A h2
c !

E'0/1+0(! 05(! *%731(! %4! '%+2! 05+0! 6+'! /,/0/+779! %,! 05(! 5+/)#!
V[(1(1&()! 05+0! 05/'! /'! +,! ('0/1+0(#!P%3! -%,L0! 5+*(! 0%! D,%6! 05(!
L^HWI!'/@(!%4!05(!'25()(!%4!'%+2>!<3'0!05(!HQQKR^MOHIL!'/@(W#!'FOMK!
$5(!6/-05!%4!+!531+,!5+/)!/'!+&%30!b#"!11#!



!
'()$*%$(+,(-)$!-(*%)".%&/0!.%10-+)$#0"! % &8?9!

!

(W! S%6!(M3+0(!05/'!*%731(!0%!05(!*%731(!%4!+!'1+77!2+,.+D(>!65%'(!
+)(+$$2 >!9%3!('0/1+0(-!/,!2+)0!.W>!+,-!'%7*(!4%)!05(!5(/:50!$$P >!%4!05(!
2+,.+D(! $5/'! /'! 9%3)! ('0/1+0(! 4%)! 05(! '1+77('0! 05/.D,(''! 05+0! +!
'/,:7(!'%+2!1%7(.37(!.+,!5+*(#!

!

!

g((2!/,!1/,-!05+0!05(!'/@(!%4!05(!1%7(.37(!9%3!<3'0!.+7.37+0(-!/'!%,79!+,!LNIMOHIL!4%)!05(!
'/@(!%4!+!'%+2!1%7(.37(#!F,!4+.0>!'/,.(!/0!/'!2%''/&7(!05+0!05(!05/,!7+9()!%4!'%+2!/'!1%)(!05+,!
%,(!1%7(.37(!05/.D>!+77!6(!.+,!'+9!4%)!'3)(!/'!05+0!05(!'/@(!%4!+!'%+2!1%7(.37(!.+,!&(!TR$
SHKYLK! 05+,! 05(!*+73(!9%3!.+7.37+0(-! /,! 05(! 7+'0! +.0/*/09#!H%6(*()>! 05/'! ('0/1+0(! '5%37-!
1+D(!/0!.7(+)!05+0!05(!'/@(!%4!+!'%+2!1%7(.37(!/'!1+,9!05%3'+,-'!%4!0/1('!'1+77()!05+,!05(!
6/-05!%4!+!531+,!5+/)#!R3)05()1%)(>!'/,.(!'%+2!1%7(.37('!+)(!.%12%'(-!%4!1+,9!+0%1'>!
05(!'/@(!%4!+,!+0%1!/'!'1+77()!'0/77#!

1LLMTY$0RSLWJSHK$0RIMRT$

X(.+3'(! 05(! '1+77! '/@(! %4! +0%1'! +,-! 1%7(.37('! 2)%5/&/0'! 3'! 4)%1! '((/,:! 05(1!
/,-/*/-3+779>! 6(! .+,L0! <3'0! 7%%D! +0! 05(1! 0%! 3,-()'0+,-! 5%6! 05(9! &(5+*(#! H%6(*()>!
&(.+3'(!1%7(.37+)!1%0/%,! /'! /12%)0+,0! /,! 3,-()'0+,-/,:!13.5! %4!65+0! /'! 0%! .%1(>!6(!
6/77!+00(120!0%!:/*(!9%3!'%1(!-/)(.0!(*/-(,.(!4%)!05(!1%0/%,!%4!1%7(.37('#!$5(!4%77%6/,:!
+.0/*/09! )(A.)(+0('! +,! %&'()*+0/%,! 05+0! 6+'! 4/)'0! 1+-(! /,! "l8C! &9! 05(! E,:7/'5! &%0+,/'0!
[%&()0!X)%6,#!X)%6,!6+'!7%%D/,:!05)%3:5!+!1/.)%'.%2(!+0!2%77(,!:)+/,'!+,-!%05()!'1+77!
/,+,/1+0(!%&<(.0'!'3'2(,-(-!/,!6+0()!+,-!6+'!'3)2)/'(-!0%!'((!05(1!1%*/,:#!$5/'!/'!,%6!
)(4())(-!0%!+'!CKR[TMHT$ORIMRT#!



!
&8??! % (:,/0-)$#0"2%#"%,'<2#&2!
!

)LMFRFMS%?797?!4IN`OFVO%+NMFNO%

+W! F4!9%3)!/,'0)3.0%)!5+'!+!X)%6,/+,!1%0/%,!-(1%,'0)+0/%,>!&(!'3)(!0%!
0+D(! +! 7%%D#! g((2! /,! 1/,-! 05+0! 05(! 2+)0/.7('! 9%3! +)(! '((/,:! +)(!
05%3'+,-'!%4!0/1('!SHKYLK! 05+,!05(!6+0()!1%7(.37('!05(1'(7*('#!F0!
/'!+7'%!/12%)0+,0!0%!,%0/.(!05+0!05(!-)%2!%4!6+0()!9%3!+)(!7%%D/,:!+0!
+22(+)'!0%!&(!.%127(0(79!1%0/%,7(''>!7/D(!+!:7+''!%4!6+0()!05+0!5+'!
&((,! '/00/,:! 4%)! +! 7%,:! 0/1(#!Q('.)/&(! 05(!1%0/%,!9%3!%&'()*(! +'!
&('0!9%3!.+,#!

&W! Q%('! 05(! 1%0/%,! %4! 05('(! 2+)0/.7('! 0(77! 9%3! +,905/,:! +&%30! 05(!
1%0/%,!%4!05(!6+0()!1%7(.37('G!EN27+/,!659!%)!659!,%0#!

!

F0! /'! /12%)0+,0! 0%!,%0(! 05+0! 05(!6+0()!1%7(.37('!+)(!13.5!'1+77()! 05+,!05(!2+)0/.7('!9%3!
+)(!%&'()*/,:#!I5+0!9%3!+)(!'((/,:!65(,!05(!2+)0/.7(!1%*('!/'!05(!(44(.0!%4!05%3'+,-'!%4!
6+0()!1%7(.37('!+77!5/00/,:!05(!&/:!2+)0/.7(#!U,!+,+7%:9!6%37-!&(!1+,9!2(%27(!0%:(05()!
23'5/,:! +!*()9! 7+):(! JE+)05!&+77K!%)!1(-/./,(!&+77#!`,(!2()'%,! +7%,(! .+,,%0!1%*(! 05(!
&+77#!H%6(*()>!/4!1+,9!2(%27(!23'5!+0!*+)/%3'!27+.('!%,!05(!&+77!05(,!05(!&+77!1/:50!1%*(!
/,!+!.()0+/,!-/)(.0/%,#!$5+0!-/)(.0/%,!6/77!.5+,:(>!5%6(*()>!+'!05(!2(%27(!1%*(!+)%3,-!/,!
%)-()!0%!4/,-!)%%1!0%!23'5#%

?7?! $!-"#";%!,%$'(%'()$%

S%6!05+0!6(!5+*(!'%1(!(*/-(,.(!4%)!05(!,+03)+7!1%0/%,!%4!1%7(.37('!/,!+!7/M3/->!6(!.+,!
0)9!0%!%&'()*(!'%1(!-/44()(,.('!&(06((,!5%0!+,-!.%7-!%&<(.0'#!$5/'!/'!,%0!+'!'/127(!+'!/0!
'%3,-'#!R%)!(N+127(>!/1+:/,(!6+7D/,:!/,0%!+!)%%1!65()(!05()(!+)(!06%!:7+''('!%4!6+0()!
05+0! 7%%D! /-(,0/.+7! &30! 05(9! +)(! +0! -/44()(,0! 0(12()+03)('#! I/05%30! 1(+'3)/,:! 05(/)!
0(12()+03)('!%)!4((7/,:!05(1!/,!+,9!6+9>!6%37-!9%3!&(!+&7(! 0%!-(0()1/,(!65/.5!%,(!/'!
5%00()G!$53'>!6(!,((-!0%!+,'6()!05(!M3('0/%,>!JF'!+,905/,:!1(+'3)+&79!-/44()(,0!&(06((,!
05('(!06%!:7+''('!%4!6+0()!&('/-('!05(/)!0(12()+03)(GK!$5/'!/'!05(!'3&<(.0!%4!05(!4%77%6/,:!
+.0/*/09#!

1FGHIJ%&8AK!I5+0!-%!9%3!
'((!65(,!9%3!7%%D!+0!
2+)0/.7('!'3'2(,-(-!/,!
6+0()!3,-()!+!1/.)%'.%2(G!
[+05()!05+,!1%*/,:!
'1%%0579>!05(!2+)0/.7('!
</::7(!+)%3,-!())+0/.+779#!
I5+0!-%!9%3!05/,D!.+3'('!
05(!2+)0/.7('!0%!1%*(!/,!
05/'!6+9G!



!
'()$*%$(+,(-)$!-(*%)".%&/0!.%10-+)$#0"! % &8?B!

)LMFRFMS%?7?79!'JVMFOG%0ZcJLMP%

+W! X('/-('! 0(12()+03)(>! -%! 9%3! 05/,D! 05()(! 6/77! &(! +,9! 1(+'3)+&7(!
.5+,:(! /,! +! '%7/-! /4! /0! /'! 5(+0(-G! F4! '%>! (N27+/,! &)/(479!65+0! 9%3!
05/,D!6/77!5+22(,#!

&W! P%3)! /,'0)3.0%)!1+9!5+*(!+!-(1%,'0)+0/%,!%4!+!'%7/-!%&<(.0!&(/,:!
5(+0(-#!I+0.5! .+)(43779! +,-! -('.)/&(!65+0! 5+22(,'! 0%! 05(! %&<(.0!
65(,!/0!/'!5(+0(-#!

.W! EN27+/,! 5%6! 05/'! &(5+*/%)! 1/:50! &(! (N27%/0(-! 0%! 1+D(! +! '%7/-!
05()1%1(0()#!

-W! EN27+/,! 5%6! 05/'! '+1(! &(5+*/%)! /,! +! 7/M3/-! .%37-! &(! 3'(-! 0%!
.%,'0)3.0!+!7/M3/-!05()1%1(0()#!

!



!
&8?D! % (:,/0-)$#0"2%#"%,'<2#&2!
!

(W! U0! 05(! &(:/,,/,:! %4! 05/'! +.0/*/09>! 9%3! '+6! 05+0! 65(,! +! '%7/-! /'!
5(+0(->!/0!(N2+,-'#!F,!0()1'!%4!05(!+.03+7!1%7(.37('!05+0!1+D(!32!+!
'%7/-! V%)! 7/M3/-W>! .+,! 9%3! 05/,D! %4! 06%!2%''/&7(! (N27+,+0/%,'! 05+0!
6%37-!+..%3,0!05/'!%&'()*+0/%,G!

!

`,(!*()9!)(+'%,+&7(!592%05('/'!05+0!(N27+/,'!05(!(N2+,'/%,!25(,%1(,%,!V.+77(-!IPLKOHS$
L^QHTNMRTW!%&'()*(-!/,!05(!2)(*/%3'!+.0/*/09!/'!05+0!05(!1%7(.37('!05(1'(7*('!/,.)(+'(!/,!
'/@(!65(,!5(+0(-#!H%6(*()>!05()(!+)(!'%1(!1+0()/+7'!05+0!+.03+779!.%,0)+.0!65(,!5(+0(-#!
E*(,!1%)(!.%,43'/,:!/'!05+0!.()0+/,!1+0()/+7'!(N2+,-!65(,!5(+0(-!+0!'%1(!0(12()+03)('!
+,-!.%,0)+.0!65(,!5(+0(-!+0!%05()!0(12()+03)('#!R%)!(N+127(>!7/M3/-!6+0()!.%,0)+.0'!65(,!
5(+0(-!&(06((,!beT!+,-!=eT>!&30! (N2+,-'!65(,!5(+0(-!+&%*(!=eT#!$53'>! +705%3:5! 05(!
/-(+!05+0!05(!1%7(.37('!:(0!7+):()!65(,!5(+0(-!/'!+22(+7/,:>!/0!/'!-/44/.370!0%!3'(!05/'!/-(+!
0%!(N27+/,!13.5!%4!65+0!/'!+.03+779!%&'()*(-#!

0RSLWJSHK$0RIMRT$HTU$.LOQLKHIJKL$

U,!+70(),+0/*(!/-(+!05+0!'((1'!M3/0(!)(+'%,+&7(!0%!1%'0!2(%27(!/'!05+0!05(!1%7(.37('!:+/,!
(,():9!+,-!1%*()!4+'0()!65(,!5(+0(-#!U'!05(!1%7(.37('!</::7(!+)%3,-!1%)(!+,-!1%)(>!/0!
'((1'! 27+3'/&7(! 05+0! 05(9! 1/:50! J-(1+,-K! +! 7/007(! 1%)(! '2+.(#! F,! 4+.0>! /0! /'! 1%)(!
.%127/.+0(-! 05+,! 05/'!&(.+3'(! 05(! /,0()1%7(.37+)! 4%).('!.+,!&(!'3.5! 05+0! 05(!1%7(.37('!
+.03+779!J-(1+,-K! SLNN! '2+.(!65(,!1%*/,:! 4+'0()#!I5/7(! 05(!-(0+/7'!%4! 05/'!+)(!&(9%,-!
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0)+,'4()!%4!(,():9!-%('!TRI!)('370!/,!+!0(12()+03)(!.5+,:(#!$5/'!6/77!7(+-!3'!0%!.%,'/-()!
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I5+0!-%('! 05/'!1(+,!+&%30!5%6!M3/.D79! 05(!6+0()!1%7(.37('! +)(!
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